New analytical nonstationary circular eddy solutions of the nonlinear, reduced-gravity shallow-water equations in a multilayer stratified rotating ocean are presented. The new solutions extend previous "pulson" analytical solutions, which describe circular oscillating lenslike warm core eddies in a reduced-gravity homogeneous ocean on the f plane, to arbitrary stable vertical stratifications within surface as well as intermediate vortices. As a result, cyclonic as well as anticyclonic horizontal swirl velocities can coexist on different vortex layers within parts of an inertial period, while vertical distributions of the vortex mean tangential velocity resembling observed vertical velocity distributions of surface as well as intermediate lenslike vortices are obtained. The dynamics of a two-layer pulson is discussed and it is shown that, for nonnegligible lower-and upper-layer thickness, its total water transport substantially differs from the total water transport of the corresponding homogeneous pulson. In linearly stratified warm core vortices it is found that the amplitude of the temporal oscillation of the azimuthal velocity is maximum in the bottom layer and decreases toward the surface, while the mean azimuthal velocity is minimum in the bottom layer and increases toward the surface. In linearly stratified intermediate vortices it is found that the mean azimuthal velocity is no longer a monotonic function of the water depth: it is maximum at the top and at the bottom of the vortex and minimum at the vortex central depth. The new solutions add realism to known analytical vortex solutions and elucidate aspects of the observed complexity of geophysical vortex motions.
I. Introduction
Oceanic mesoscale lenslike vortices, which consist of rotating superficial as well as interior masses of anomalous water separated from the ambient water by a frontal region, are observed very frequently in the World Ocean (see, e.g., Saunders 1971; Cheney et al. 1976; Armi and Zenk 1984; Joyce 1984; Olson et al. 1985; Gascard et al. 2002; Dengler et al. 2004 ). They are considered to play an important role in the larger-scale oceanic circulation as they can profoundly affect the transfer of physical, chemical, and biological properties across frontal zones and exert a substantial contribution to the horizontal and vertical mixing of different water masses. This relevance of mesoscale lenslike vortices explains why, in the last decades, many observational, numerical, experimental, and analytical investigations have been carried out to elucidate different aspects of their dynamics (see, e.g., Saunders 1971; Armi and Zenk 1984; Cushman-Roisin et al. 1985; CushmanRoisin 1987; Käse and Zenk 1987; Pavia and CushmanRoisin 1988; Rogers 1989; Olson 1991; Matsuura 1995; Cushman-Roisin and Merchant-Both 1995; Ochoa et al. 1998; Rubino et al. 1998 Rubino et al. , 2002 Rubino et al. , 2003 Gascard et al. 2002; Rubino and Brandt 2003; Dengler et al. 2004) .
In particular, in the theoretical study of mesoscale lenslike vortices, the nonlinear reduced-gravity equations in a rotating frame have often been used (see, e.g., Csanady 1979; Nof 1983; Killworth 1983; CushmanRoisin et al. 1985; Cushman-Roisin 1987; Rubino et al. 1998 Rubino et al. , 2002 . Although these equations exclude relevant oceanic processes such as wave radiation toward the exterior ocean (which is supposed motionless in the reduced-gravity approximation) or baroclinic instabilities, they represent an efficient tool for the description of many fundamental characteristics of eddy dynamics. Moreover, exact analytical solutions of these equations have been found, which describe the temporal and spatial evolution of a special class of lenslike, warm core eddies characterized by linear radial velocity (Ball 1963; Thacker 1981; Young 1986; Cushman-Roisin 1987; Rogers 1989 , Rubino et al. 1998 .
The fundamental representative of such a class of vortices is the "pulson" (Cushman-Roisin 1987; Rogers 1989) , which is characterized by a paraboloidal shape and by horizontal velocities that are both linear functions of the horizontal coordinates. This solution consists substantially of a pulsation of the eddy in which contractions (expansions) and deepenings (shoalings) alternate during an exact inertial period.
An extension of the pulson solution to circular vortices with more general shapes as well as tangential velocity profiles was presented by Rubino et al. (1998) . However, in the quoted investigations, the description refers to homogeneous vortices. Actually, the density of observed mesoscale lenslike vortices often is a function of both horizontal as well as vertical coordinates (see, e.g., Joyce 1984; Armi et al. 1989; Gascard et al. 2002; Dengler et al. 2004) . In this context, Maas and Zahariev (1996) presented a closed set of equations governing the evolution of stratified vortices and discussed two special cases describing a disk-shaped eddy and a "rodon" (i.e., an uniformly rotating elliptical vortex of fixed shape), while Ochoa et al. (1998) investigated theoretically the evolution of horizontally inhomogeneous circular as well as elliptic pulsons.
In the present paper we propose an extension of the nonstationary circular pulson solution to arbitrary, stable vertical stratifications within the vortex body. The paper is organized as follows: In section 2, the reduction of the problem to a system of ordinary differential equations in time is presented. The general analytical solution of the problem is given in section 3, and, in section 4, particular solutions for stratified warm core eddies characterized by realistic horizontal and vertical dimensions are discussed. In section 5, it is shown that the new solutions can be also used to describe the dynamics of intermediate, lenslike vortices and particular solutions referring to meddylike vortices are presented. In section 6, the solutions are discussed and conclusions are presented.
Reduction of the problem to a system of ordinary differential equations
Assuming circular symmetry, the n-layer nonlinear reduced-gravity shallow-water equations for a rotating system (Fig. 1 ) expressed in cylindrical coordinates are
and
where
In the preceding expressions, where the subscript j ϭ 1, . . . , n refers to the corresponding layer, r is the radial coordinate, t is the time, u j (r, t) and j (r, t) are the radial and azimuthal components of the horizontal velocity in the jth layer, and h j (r, t) and j are the thickness and the (constant) density of jth layer. In this sense, nϩ1 indicates the density of the motionless fluid surrounding the vortex, while g represents the acceleration due to gravity. Any solution of the system (1) has to satisfy the conditions
where r ϭ r b represents the circular vortex outcropping line, which must be common to all layers in order to avoid discontinuities in the pressure terms at the vortex rim ( Fig. 1) . Let us now assume that the vortex thickness and velocity fields are characterized by the following horizontal structure: where A j , B j , C j , and D j ( j ϭ 1, . . . , n) are functions of time only. Note that the condition that the thickness h j of each layer is positive and satisfies (4) results in C j ͑t͒ Ͼ 0, D j ͑t͒ Ͻ 0, and
Substitution of (5) into (1) yields the following system of 4n nonlinear, coupled, ordinary differential equations in the unknown coefficients A j , B j , C j , and D j :
where the dots indicate time derivative and j ϭ 1, . . . , n.
Analytical solution
We search for nonstationary periodic solutions to the system (7)-(10) in the jth layer having the following form (see. e.g., Ball 1963; Young 1986; Cushman-Roisin 1987; Rogers 1989; Rubino et al. 1998 ):
where is the frequency of the vortex oscillations, which has to be determined, and ␥, , l j , c j , and d j are constants. Substitution of (11) and (12) into (7)- (10) shows that the equations in (8)- (10) are always satisfied. Substitution of (11) and (12) into (6) and (7) leads to
where W is the vortex radius at t ϭ -/f when ⌽ ϭ 0. Unlike r b , which depends on time, W represents the (fixed) radius of the stationary vortex.
The general solution of (1) can be thus written as
͑16͒
It describes nonlinear inertial oscillations of an n-layer, stratified, rotating circular vortex. Note that 0 Յ ␥ Ͻ 1 (the range of ␥, for which oscillations exist, will be discussed at the end of section 5), , c j Ͼ 0, and W Ͼ 0 are free parameters. The values of d j and l j can be found from (13) and (14).
Solutions for different stratifications of surface lenslike vortices
The solution (15) and (16) with (13) and (14) describes vortex oscillations for an arbitrary stable density stratification. In the following, however, we will consider in detail the two-layer case as well as the linearly stratified n-layer case only.
a. Two-layer stratification
For n ϭ 2 the solution (15) and (16) reduces to
1 ϭ 1 Ϫ s 1,2 , and 2 ϭ 1 Ϫ s 2,3 . While the radial velocity has the same value in both layers, the azimuthal velocities can substantially differ between the layers. Note that the coefficients l j in (17) may be either positive or negative. In the homogeneous pulson theory (Cushman-Roisin 1987) , only positive values of the coeffi-cients l 1 ensure the existence of vortices characterized by positive absolute vorticity, which are physically plausible (see Killworth 1983) . In the following we will assume that the constraint of positive l j hold in each layer of our stratified pulsons. This assumption, though not necessary, seems to be useful also in order to avoid large velocity shears between layers having different signs of l j , which could be associated to vortex instability.
The inequality l 2 1 Յ l 2 2 is satisfied, and the condition l 2 1 Ͼ 0 ensures that oscillations exist; that is,
͑21͒
From (19), (20) we can write |l 1,2 | Ͻ 1/2. This means that, in each layer, cyclonic currents cannot exist during an entire inertial period. Nevertheless, conditions may be found for which cyclonic flows in one layer or in both layers exist during part of an inertial period. Cyclonic flow in the jth layer is possible if [see (17)] l 2 1 Ͼ 0 and Ϫ1/2 ϩ l j /(1 Ϫ ␥) Ͼ 0. Hence, a cyclonic flow will exist in the upper layer if
͑22͒
while a cyclonic flow will exist in the lower layer if
In Fig. 2 the flow behavior in accordance with the conditions (21)- (23) is depicted on the (c 1 , c 2 ) plane. Along the axes, we marked the following points:
In the previous expressions, a 0 , a 1 , and a 2 represent, respectively, the maximum thickness of the upper layer for which vortex oscillations in both layers are possible, for which the current within the upper layer is cyclonic during part of an inertial period, and for which a cyclonic flow exists in both layers during part of an inertial period. Note that b 0 and b 1 have the same meaning as a 0 and a 1 , but they refer to the maximum thickness of the lower layer. The location of the different regions described above on the (c 1 , c 2 ) plane depends on the value of the oscillation strength ␥, and two different situations can be found (see Fig. 2 ) corresponding to ␥ Ͼ ␥ ϩ and ␥ Ͻ ␥ ϩ , where
To elucidate different possible dynamics of a two-layer pulson, let us refer to the following set of parameters: 1 ϭ 1025 kg m (20)]; in the regions II the flow is always anticyclonic in both layers; in the regions III the flow in the upper layer is anticyclonic but it is cyclonic in the lower layer during part of an inertial period; in the regions IV a cyclonic flow exists in both layers during part of an inertial period.
The temporal evolution of the vortex fields can be described as follows. At t ϭ 0, the radial velocity in both layers is divergent and, consequently, the vortex expands and shoals. At t ϭ (1/4)T the vortex is shallowest. The radial velocity vanishes, while the absolute value of the azimuthal velocity is largest. At t ϭ (1/2)T the radial velocity of the vortex is convergent and, as a result, it contracts and deepens. At t ϭ (3/4)T the vortex is deepest. The radial velocity vanishes again, while the absolute value of the azimuthal velocity is minimum. Note that, due to the presence of a vertical stratification, the azimuthal velocity is no longer constant with depth, as in the previous homogeneous pulson solution.
To elucidate the differences between the flow field emerging from the new, two-layer solutions and the previous, homogeneous pulson solution (CushmanRoisin 1987; Rogers 1989 ) let us define the following parameter ϭ (͗V 1 ͘ ϩ ͗V 2 ͘)/͗V͘, where V j ϭ 2͐ rb(t) 0 rh j (r, t) j (r, t) dr, and V ϭ 2͐ rb(t) 0 rh(r, t)(r, t) dr represent, respectively, the total transports in the two layers of the stratified pulson and the total transport of a homogeneous pulson having the same spatial structure as the two-layer pulson and density ϭ ( 1 c 1 ϩ 2 c 2 )/(c 1 ϩ c 2 ). Note that, in the expression of , the brackets denote averaging over an inertial period.
For vanishing thin upper or lower layer (c 1 /c 2 Ӷ 1 or c 1 /c 2 ӷ 1; see Fig. 4 ) the transports in the two-layer pulson and in the homogenous pulson coincide. If, however, the two layers in the stratified case are of the same thickness, the total transport is substantially smaller than in the homogenous case. Note that, with the used parameters, the maximum difference, which occurs for c 1 /c 2 Ϸ 0.78, is ϳ20%.
b. Multilayer linear stratification
Consider now a stratified pulson consisting of n layers having the same thickness at the vortex center. In this case we have c j ϭ c 1 ϭ H 0 րn, j ϭ 1 ϩ ͑j Ϫ 1͒␦, and
where H 0 is the total depth at the vortex center, and j ϭ 1, . . . , n. Substitution of (24) into (13) leads to
͑25͒
The expressions (15) and (16) dius in a basin of depth H 0 divided by the vortex surface width W. Like in the case of the two-layer pulson, we obtain |l j | Ͻ 1/2; that is, in each vortex layer a cyclonic flow cannot exist throughout an inertial period.
The flow in the jth layer is cyclonic during some interval of an inertial period if l
If 1 , nϩ1 , and ␥ are given the same values as in the 2-layer vortex ( nϩ1 ϭ 3 ), we find for a 10-layer vortex characterized by the same surface radius and total thickness as the vortices of the previous section: Ro , we thus obtain Ro ϭ 0.441. Therefore, in the 10-layer vortex chosen as an example, assuming ␥ ϭ 0.2, the azimuthal flow field is merely anticyclonic in the upper 8 layers and partially cyclonic in the lowest two ( j ϭ 9 and 10).
In each layer, the mean azimuthal velocity ͗ j ͘ and the amplitude of the azimuthal velocity oscillations a j are
Given the values mentioned above, the temporal evolution of the azimuthal velocity at r ϭ W/2 as well as the vertical distribution of the mean azimuthal velocity at the same point are depicted in Fig. 5 . While the amplitude of the temporal oscillation of the azimuthal velocity is maximum in the bottom layer and decreases toward the surface, the mean azimuthal velocity is minimum in the bottom layer and increases toward the surface.
Solution for stratified intermediate lenslike vortices
The solutions presented in section 3 can be easily adjusted to describe circular, stratified intermediate lenslike vortices (Fig. 6) . In order for the reducedgravity approximation to be valid, the fluid overlying ( j ϭ 0) and underlying ( j ϭ n ϩ 1) the intermediate vortex has to be considered motionless. The right-hand sides of the equations in (1) are written in this case as follows:
Similarly to the solutions presented in section 3, the n layer, intermediate vortex oscillates inertially and its dynamics is described by (15) and (16), where ␥, , c j , and W are free parameters of the solutions. For each j, the values of l j can be found from the algebraic relations From (13), (21), (25), and (26) we can see that the assumption ␥ Ͻ 1 is not strong enough to ensure the existence of solutions. Vortex oscillations exist in the range 0 Ͻ ␥ Ͻ ⌫ (⌫ Ͻ 1), where ⌫ (which, in general, is a function of the density stratification, of the layer thickness, of the vortex radius, and of the Coriolis parameter) can be obtained from (13) in the case of surface vortices and from (26) in the case of intermediate vortices.
To elucidate possible dynamics of an n-layer, intermediate lenslike vortex, let us consider a case for which the vortex has a linear stratification and equally spaced interfaces at its center, and it is characterized by the following set of parameters: 0 ϭ 1031.5 kg m , and H 0 ϭ 500 m. In Fig. 7 the evolution of its azimuthal velocities in each layer (calculated at r ϭ W/2) and the vertical distribution of the mean azimuthal velocity at the same point are depicted. While the oscillation amplitudes are close to each other in the different layers, one can note that the mean azimuthal velocity is not a monotonic function of the water depth within the vortex body: it is maximum at the vortex surface and bottom and minimum at the vortex central depth. This characteristic of the new solution corresponds to a well-known characteristic of observed intermediate vortices (see, e.g., Armi and Zenk 1984; Richardson et al. 2000; Budéus et al. 2004 ). In Fig. 8 a comparison is performed between the vertical distribution of the amplitude of the oscillations and of the mean azimuthal velocity emerging in a 10-layer surface pulson and in a 10-layer intermediate vortex, both characterized by the same shape and density distribution. Although formally similar, the two solutions show quite contrasting properties as, for instance, the monotonicity characterizing the warm core solution (Fig. 8a) is no longer encountered in its intermediate counterpart (Fig. 8b) .
Discussion and conclusions
In the present paper, new analytical solutions of the stratified nonstationary reduced-gravity nonlinear shallow-water equations on an f plane have been presented. They describe oscillating surface as well as intermediate stratified lenslike vortices characterized by paraboloidal shape and velocity components, which are both linear functions of the horizontal coordinates. They thus extend previous analytical solutions (Cushman-Roisin 1987; Rogers 1989) to arbitrary stable stratifications within the vortex body. As a result, cyclonic and anticyclonic horizontal swirl velocities can coexist on different vortex layers within parts of an inertial period, while vertical distributions of the vortex mean tangential velocity resembling observed vertical velocity distributions of surface as well as intermediate lenslike vortices (Armi and Zenk 1984; Richardson et al. 2000; Budéus et al. 2004 ) are obtained. The dynamics of a two-layer pulson is discussed: for nonnegligible lowerand upper-layer thickness, its total water transport substantially differs from the total water transport of the corresponding homogeneous pulson. In linearly stratified warm core vortices it is found that the amplitude of the temporal oscillation of the azimuthal velocity is maximum in the bottom layer and decreases toward the surface, while the mean azimuthal velocity is minimum in the bottom layer and increases toward the surface. In linearly stratified intermediate vortices it is found that the mean azimuthal velocity is maximum at the top and at the bottom of the vortex and minimum at the vortex central depth.
Exact solutions of nonstationary nonlinear differential equations describing geophysical motions are quite rare and, apart from their intrinsic value and fascination, they can help to evidence fundamental aspects inherent in the dynamics of observed flow features, which may be difficult to unravel when their whole realistic complexity is addressed. Moreover, such solutions can constitute an excellent basis for testing the performance of numerical models. This is especially true in the simulation of stratified surface as well as intermediate lenslike vortices, where one is faced on one hand with the complexity of implementing accurate techniques for the simulation of movable lateral boundaries needed for the description of the vortex expansions, contractions, and propagation and, on the other hand, with the difficulty of adequately resolving observed horizontal and vertical stratification (see, e.g., Sun et al. 1993; Esenkov and Cushman-Roisin 1999) .
The new solutions add realism to known analytical vortex solutions and pave the way to further developments in the theoretical study of stratified geophysical lenslike features and their interaction with larger-scale features of the World Ocean [see, e.g., possible extensions of the work presented by Rubino et al. (2003) and Dotsenko et al. (2004) ]. Obviously, the obtained solutions refer to a very simplified context. In the frame of the reduced-gravity approximation, indeed, the vortex dynamics is completely determined by the values of the free parameters. In laboratory experiments, instead, we observed lenslike vortices produced by the sudden release of an isolated water mass in a system brought to solid body rotation by rapidly lifting a bottomless cylinder containing freshwater immersed in a salty ambient fluid to be characterized by different dynamical behaviors (Rubino and Brandt 2003) . After a first adjust- FIG. 9 . (left) Zonal (U ) and meridional (V ) components of the horizontal vortex velocity at the depth of 100 m across a steady (␥ ϭ 0) and an oscillating (␥ ϭ 0.2) 100-layer vortex at (a) x ϭ Ϫ0.5W, (b) x ϭ 0, and (c) x ϭ 0.5W, as measured moving across the vortex at a velocity of 10 kt following (right) three different straight tracks. ment state, a phase was reached during which the vortex oscillations resembled those of known analytical solutions (Rubino et al. 1998 ). This phase was followed by a decay of the vortex oscillations, characterized also by the appearance of instabilities. These results are in agreement with results carried out using a two-layer, nonlinear frontal model (Rubino et al. 2002) . In the quoted paper, the decay of lenslike vortices similar to the one investigated here due to friction as well as eddy viscosity and water entrainment was also investigated. It emerged thus that, in more realistic contexts, the free parameters of the pulson solution cannot be considered any longer as intrinsic characteristics of the eddies.
The solutions presented in this paper could be used as a kind of diagnostic to spot the presence of an oscillating, pulsonlike vortex in oceanic velocity measurements. To illustrate such a possibility, we plotted in Fig.  9 the zonal (U ) as well as the meridional (V ) velocities at 100-m water depth as measured moving within a stationary vortex and within an oscillating pulson at the velocity of 10 kt (1 kt Ϸ 0.5144 m s
Ϫ1
) following three different straight tracks. Noticeable differences between the oscillating and the nonoscillating cases are found (see Fig. 9 ), which would render the detection of an oscillating, pulsonlike vortex in the real ocean not inconceivable.
